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 Rigid objects 
Translation 

Rotation 

Scaling 



 Problem formulation: 
› pi  points on the model. 

 
› qi corresponding points of pi on the object. 

 
› Find the linear transformation T that minimizes the error E: 

Number of points in M Euclidean Distance 



 Assume s and R are fixed then, the optimal t that minimizes: 
 
 
 
 
 

 should be: 



 Replace the t in the error function using the previous result we 
get: 
 
 
 
 
 

 Where: 
 

 



 Expanding the error function 
 
 
 
 
 
 
 
 

 Rewritten as: 



 Minimized when:  







 Then we need to maximize: 
 
 
 
 
 
 
 
 
 

 Thus the optimal rotation q is the eigen vector corresponding 
to the largest eigen value of 





 Make educated guess. 
 

 When two objects are registered. 
› points are close to some points on the other object. 

 
 Given a point pi in M, the closest point qi in O satisfies: 

Euclidean distance 



 Repeat until convergence: 
› Find qi of pi. 
› Compute T that minimizes: 

 
 
 
› Apply the T to all the pi . 

 

 



 Repeat until convergence: 
› Find qi of pi. 
› Compute T that minimizes: 

 
 
 
› Apply the T to all the pi . 

 

 

smaller E 

smaller E 





 Various data representation 
 

 Outlier sensitive 
 

 Initialization sensitive 



 Phillips J. M., Liu R., and Tomasi C. Outlier robust ICP for 
minimizing fractional RMSD. In Proc. of Int. Conf. on 3D Digital 
Imaging and Modeling (2007), pp. 427–434. 



 complete and abnormal 
 

Incomplete scanning Fracture 



 Models to be registered: 
 
 
 

 
 

20 

vary greatly in size, shape details and completeness. 



 Identify the outliers 
 
› Reject wrong pairs by distance between that paired points. 







 Repeat until convergence: 
› Compute µ: D -> M that minimizes RMSD 
› Compute f and Df that minimizes  
 fractional root mean squared distance 

 
 
 

› Compute transformation T that minimizes RMSD 
on Df 

Choose a point set with 
more points 

Choose a point set 
with less RMSD 







 Repeat until convergence: 
› Compute µ: D -> M that minimizes RMSD 
› Compute f and Df that minimizes  
 fractional root mean squared distance 

 
 
 

› Compute T that minimizes RMSD on Df 

smaller FRMSD 

smaller FRMSD 

smaller FRMSD 





FICP    ICP 



ICP                                                       FICP 



ICP result FICP result Source Target 
29 

Complete 

Patient 



Initialization 

FP 

MSP 

         (a) Orbitale                           (c) Porion 

(a) Ridge                             (b) Peak             (c) FMC 

FICP 

Iterative refinement 

Cheng Yuan, Leow Wee Kheng, Lim Tiam Chye: Automatic Identification of Frankfurt Plane and Mid-
Sagittal Plane of Skull. In WACV 2012, pp. 233-238. 
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