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INSTRUCTIONS TO CANDIDATES

1. This assessment paper contains NINETEEN (19) questions in TWO (2) parts and
comprises EIGHT (8) printed pages, including this page.

2. Answer ALL questions.

3. This is an OPEN BOOK assessment.

4. You are allowed to use NUS APPROVED CALCULATORS.

5. You are to submit two documents: The OCR form and the Answer Sheet. You may
keep this question paper.

6. Shade and write your Student Number completely and accurately on the OCR form.

7. You must use 2B pencil for the OCR form.

8. Write your Student Number on the Answer Sheet. Do not write your name.

9. You may use pen or pencil to write your answers, but please erase cleanly, and write
legibly. Marks may be deducted for illegible handwriting.
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Part A: (30 marks) MCQ. Answer on the OCR form.

For each multiple choice question, choose the best answer and shade the corresponding
choice on the OCR form. Remember to shade and write your Student Number (check that
it is correct!) on the OCR form. Each multiple choice question is worth 2 marks. No mark is
deducted for wrong answers. You should use a 2B pencil.

Q1. Do you know the rule of inference used in the following argument?

If I can do it, then I really can do it!
I can do it.
• Therefore, I really can do it!

A. Yes, it is modus ponens.

B. Yes, it is modus tollens.

C. Yes, it is induction induction induction induction induction...

D. No, but I know it is contradiction.

E. No, I really don’t know!

Q2. Let P (x) be “x is an NUS student”, Q(x) be “x is a computer science major”, R(x, y)
be “x takes module y”, and S(x) be “x is a CS module”.

Which of the following means “Every NUS computer science major takes at least a CS
module”?

A. ∀x∀y (P (x) ∧Q(x) ∧R(x, y) ∧ S(y))

B. ∀x∃y (P (x) ∧Q(x) ∧R(x, y) ∧ S(y))

C. ∃x ( (P (x) ∧Q(x))→ ∃y(R(x, y) ∧ S(y)) )

D. ∀x ( (P (x) ∧Q(x))→ ∃y(R(x, y) ∧ S(y)) )

E. None of the above.

Q3. Your good friend Dueet wants to write a new song and asks you to give him a list of
4 words, where each word is one of these 3 words: pen, apple and pineapple. Obviously
repetition is allowed. He will then use the list you give him to write a lyric that contains
the 4 words in your list in any order he wants. How many different ways can you select
the 4 words for Dueet?

A. 4

B. 12

C. 15

D. 64

E. None of the above.

Q4. You are buying lunch for 20 guests. The menu offers 6 choices: chicken rice, nasi lemak,
mee rebus, rendang daging, laksa and fish porridge. Two guests ask for chicken rice, three
ask for nasi lemak, two ask for mee rebus and the rest have no preference. How many
different selections can you make?

A. 1716

B. 8568

C. 11628

D. 15504

E. None of the above.
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Q5. How many onto functions are there from a set with 4 elements to a set with 2 elements?

A. 12

B. 14

C. 16

D. 24

E. None of the above

Q6. Aiken is taking this exam paper and does not know the answers to three multiple-choice
questions (MCQs). Each MCQ has five choices for the answer.

Aiken can eliminate two answer choices as incorrect for one of the three questions, and
eliminate one answer choice as incorrect for the second question, but has no clue about
the correct answer at all for the third question.

Assuming that Aiken’s selection of a choice for one question does not affect her selection
of a choice for another question, what is the probability that Aiken will answer at least
one of the three questions correctly?

A. 2/5

B. 13/30

C. 3/5

D. 2/3

E. None of the above.

Q7. Which of the following statements is false?

A. Every complete graph Kn, where n > 2, contains a Hamiltonian cycle.

B. Every tree with n vertices, where n > 2, has an Euler circuit.

C. Every connected graph with n vertices, where n > 2, contains a spanning tree.

D. There are nn−2 spanning trees in a complete graph Kn, where n > 2.

E. A tree with n vertices, where n > 2, has at least two vertices with degree 1.

Q8. The nth Fibonacci number is always less than or equal to the nth Triangle number for
integers n up to, and including,

A. 1.

B. 10.

C. 15.

D. 20.

E. None of the above.

Q9. Consider the equivalence relation ≡ (mod 5) defined on Z. Integer x is such that 3x ∈ [17].
Then x could be:

A. 17
3 .

B. −2.

C. 6.

D. 17.

E. None of the above.
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The next six questions, Q10 to Q15, refer to the following definitions.

Seven binary relations are defined as follows:

R1 ⊆ R× R, ∀x, y ∈ R (xR1 y ↔ x = sin y).

R2 ⊆ A×B, ∀x ∈ A ∀y ∈ B (xR2 y ↔ x = sin y),

where A = {−1, 0, 1}, B =
{−π

2
, 0,

π

2

}
.

R3 ⊆ R× R, ∀x, y ∈ R (xR3 y ↔ |x| = y).

R4 ⊆ R× R, ∀x, y ∈ R (xR4 y ↔ x = |y|).
R5 ⊆ S × S, ∀(a, b), (c, d) ∈ S ( (a, b)R5 (c, d) ↔ ad = bc ),

where S = Z× (Z− {0}).
R6 ⊆ C × C, ∀x, y ∈ C (xR6 y ↔ x | y),

where C = {1, 2, 3, 4, 5, 6}.
R7 ⊆ R× R, ∀x, y ∈ R (xR7 y ↔ xy ≥ 1).

Note that |x| is the absolute value of x, defined as:

∀x ∈ R, |x| =

{
x, if x ≥ 0,

−x, otherwise.

Q10. Which of the above relations are functions?

A. R1 and R4.

B. R2 and R−1
3 .

C. R−1
1 ,R2 and R−1

4 .

D. R5,R6 and R7.

E. R1,R2,R3 and R4.

Q11. Which of the above relations are onto functions?

A. R2 and R−1
2 .

B. R3 and R−1
4 .

C. R−1
3 and R4.

D. R5 and R7.

E. R1 and R−1
6 .

Q12. Which relation(s) is/are symmetric?

A. R6.

B. R3 and R−1
4 .

C. R6 and R7.

D. R5,R7 and R4 ◦ R3.

E. None of the above.
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Q13. Which relation(s) is/are transitive?

A. R6.

B. R2 ◦ R2.

C. R3 ◦ R4 and R7.

D. R5,R6 and R4 ◦ R3.

E. All of the above.

Q14. Which relation has a maximal element of 1?

A. R2.

B. R6.

C. R7.

D. R−1
2 .

E. R−1
6 .

Q15. Find all y ∈ R such that 2 (R7 ◦ R7) y.

A. y > 0.

B. y > 1
2 .

C. 0 < y ≤ 2.

D. 0 < y ≤ 1
2 .

E. y > 1
2 or y < −1

2 .
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Part B: (50 marks) Structured questions. Write your answer in
the Answer Sheet. Marks may be deducted for illegible hand-
writing and unnecessary statements in proofs.

Q16. (13 marks) Probability and Counting.

(a) (3 marks) For a biased 6-sided die, the probability of the smaller numbers (1, 2, 3)
turning up is three times the probability of the larger numbers (4, 5, 6) turning up.

i. (1 mark) If we roll this die, what is the expected value that would turn up?
Write your computation on a single line.

ii. (2 marks) If we roll two such dice, what is the probability of getting a sum of 6?
Leave your answer as a fraction in its lowest terms.

(b) (4 marks) Prove that if you randomly put 51 points inside a unit square, there are
always three points that can be covered by a circle of radius 1/7.

(Hint: Apply the Pigeonhole Principle.)

(c) (6 marks) In the classical Tuesday Birthday Problem (TBP), a man says:
“I have two children. One is a boy born on a Tuesday. What is the probability that I
have two boys?”

What is the answer? It is known that the answer is neither 1/2 nor 1/3.

(Hint: Use Bayes’ theorem, or alternatively, explain with a diagram using these three
categories: (1) a boy born on a Tuesday, (2) a boy born on one of the other six days
of the week, and (3) a girl.)

Q17. (12 marks) Graphs.

(a) (3 marks) How many simple graphs on 3 vertices are there? In general, how many
simple graphs are there on n (n > 1) vertices?

(b) (5 marks) Complete the following parts.

i. (2 marks) Draw a binary tree for the following algebraic expression:
a+ (((b+ c) ∗ d)/(e/(f − g)))

ii. (3 marks) Figure 1 shows a graph where the vertices are Pokestops. Using either
Kruskal’s or Prim’s algorithm, find its minimum spanning tree (MST). If you use
Prim’s algorithm, you must start with the top-most vertex, vertex A.

You are to trace the MST edge by edge on the answer sheet, in the order of
insertion by following your chosen algorithm. (In other words, draw a solid line
representing the first edge of the MST in the first diagram, two edges in the
second diagram, and so on, until you get all six edges in the last diagram.)

You must indicate which algorithm you are using, failing which no mark will be
awarded even if your MST is correct.
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Figure 1: Pokestop graph.

(c) (4 marks) Let G be a simple graph with n vertices where every vertex has degree at

least
⌊n

2

⌋
. Prove that G is connected.

Q18. (10 marks) Figure 2(a) shows the Hasse diagram of a partial order �1 defined on
A = {a, b, c, d, e, f}.

(a) Hasse diagram for �1 (b) Hasse diagram for �2.

Figure 2: Hasse diagrams.

(a) (3 marks) List all the ordered pairs in �1.

(b) (3 marks) Find all the minimal, minimum, maximal, and maximum elements in
(A, �1).

(c) (1 mark) Another partial order �2 is defined on A, whose Hasse diagram is shown in
Figure 2(b). Is �1 ∪ �2 a partial order? Explain briefly.

(d) (3 marks) Given any two anti-symmetric binary relations R,S defined on a set B, is
R∪ S anti-symmetric? Prove or give a counterexample.
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Q19. (15 marks) A sequence an is defined by the third-order recurrence relation:

an = 5an−1 − 8an−2 + 4an−3, for n ∈ Z≥3.

with initial values: a0 = a1 = 1 and a2 = 3.

(a) (2 marks) Explicitly calculate a3, a4, a5 and a6.

(b) (4 marks) Using Mathematical Induction, prove that:

n−1∑
r=0

r2r = 2n(n− 2) + 2, for all n ∈ Z+.

(c) (9 marks) Derive an explicit closed-form formula for an, for all n ∈ N.

Hint: Define a new sequence bn in terms of an. Derive a second-order linear
homogeneous recurrence relation with constant coefficients for bn, solve it, then solve
for an.

END OF PAPER
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