Matrix Differentiation J

(CS4243 Computer Vision and Pattern Recognition

Leow Wee Kheng

Department of Computer Science
School of Computing
National University of Singapore

of Singapare

School 0f Computing

Leow Wee Kheng (CS4243) Matrix Differentation 1/ 12



Matrix Differentiation

Matrix Differentiation

This set of slides summarizes some commonly used matrix
differentiation formulae.

In the following,

o A and B are nxn matrices

air - Qlp bin -+ bin
A — SR s :

anl - dpn bpi -+ bpn

@ x and y are nx 1 column matrices (i.e., vectors)

Tl Y1

Yn
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Matrix Differentiation

(1) E=x"x
E:XTx:Zx?:x%—k + T,
i
ok
=2
8$i i
So,
8E 8E/8x1 56‘1
ax . .
OE [0z, T
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Matrix Differentiation

(2) E=x"y
E=x"y=zy + -+ ZpYn. (6)
OF
So,
oF
& =Y. (8)
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Matrix Differentiation

(3) E = (x"y)?
E = (XTY)Z = (l'lyl + - mnyn)2~ (9)
oF
) = 2(x1y1 + -+ l‘nyn) Yi. (10)
Ty
So,
8E/8:L’1
o8 _ : =2x'yy. (11)
OE 0z,
5/ 12
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Matrix Differentiation

(4) Ax
a1 - Qin x1 a1xy + -+ a1y
Ax = el : =
ni -+ Gpn Tn Ap1x1 + -+ ApnTn
Let
s; = [AX]Z =apnx+ -+ AinTn = Zaijl'j-
J
Then,
Osi _
al‘j S
So,
ds1/0xy --- 0s1/0x
0(Ax) 1/, ' 1/. !
ol Sl : - : =A.
oxT ) ' )
asn/axl R 88n/8$n
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Matrix Differentiation
And,

O(Ax)T

ke AT (16)
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Matrix Differentiation

(5) E = [|Ax]?
2
E=|Ax]? = (A% (Ax) = 3 [ aga; | - (17)
k J
=2 Yo =23 (Yaway| o (9
ox; . ,
E g J k
That is,
oE T
dri 22]: [A A} i )
Thus,
oF
=2ATAx.
0x 2 x (20)
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Matrix Differentiation

_ 2
(6) £ = ||Ax]
_ § : 2
FE = Si
7
where
S; — E az-jxj.
J
OF 0s;
= 281'7Z = 23ixj.
8aij 8aij
Thus,
OE o1
— =2 | [z--m,] =2Axx"
0A :
Sn
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(7) E = |BAx|?
Let y = Ax. Then,
E = |By]*. (25)
ok

i T _ TAT
5B 2Byy 2BAxx A'. (26)

Leow Wee Kheng (CS4243) Matrix Differentation 10 / 12



(8) E = |BAx|?
Let C = BA. Then,
E = x|

o
ox
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(9) E = |BAx|?

2
E=|BAx|*=)" [Z > bklalmxm] . (29)
k I m
(;)E = 22 [Z Z bkzazm%'m] bri;
ij k I m

= 2> > me‘bkl] GUmTm (30)
I m k

= 2ZZ[BTB} | OmTmT;
I m '

= 2 [BTBAXL. xj.

So,

E
gA = 2B "BAxx"'. (31)
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