MA 5219 - Logic and Foundations of Mathematics 1 Homework due in Week 3, Tuesday 27 August 2013.

Frank Stephan. Departments of Computer Science and Mathematics, National University of Singapore, 10 Lower Kent Ridge Road, S17#07-04 and 13 Computing Drive, COM2#03-11. Email fstephan@comp.nus.edu.sg Webpage http://www.comp.nus.edu.sg/~fstephan/mathlogic.html Telephone office 65162759 and 65164246 Office hours Thursday 14.00-15.00h

Hand in each homework which you want to be checked; 1 mark per each correct starred homework; up to 10 marks in total for homework - there will be more than 10 starred homeworks, so you have several chances to try.

3.1 Conjunctive and Disjunction Normalform. Make formulas in conjunctive normal form and disjunctive normal form which state that exactly 2 of the atoms p_1, p_2, p_3, p_4 are true.

3.2^∗ Worlds. Recall that a world is an entity which assigns a truth-value to every atom. W |= A means that the world makes the formula A true and W |= X means that the world makes all formulas in the set X of formulas true. X |= A means that every world which makes all formulas in X true, also makes the formula A true. Let V and W be two different worlds, let X = {A : exactly one of V |= A and W |= A holds}, let Y = {A : both of V |= A and W |= A hold}. Show the following. (a) There is an atom p_k such that either (V |= p_k and W |= ¬p_k) or (V |= ¬p_k and W |= p_k).

(b) If A ∈ Y then there exist B ∈ X and C ∈ X with ∅ |= (A ↔ B ∨ C). (c) There are formulas A, B ∈ X with A ∨ B /∈ X.

(d) If A, B, C ∈ X then at least one of the formulas A ∨ B, A ∨ C, B ∨ C is in X.

3.3 Logical Implication. (a) Assume that W |= X for all worlds W which make only finitely many atoms true. Show that W |= X for all worlds and that X contains only tautologies.

(b) Construct a set X of formulas such that W |= X is true iff W makes at most two atoms true and all others false. Note that X can be infinite.

3.4^∗ Proof System. Assume that only A+B is permitted to connect formulas A, B, which are built from the atoms p_0, p_1, . . . and the logical constants 0 and 1. For the ease of notation, it is assumed that formulas are written without brackets, as the operation + is associative. Is there a set of rules which is permits to prove a set of formulas Y from X whenever X |= Y and X and Y are both sets of formulas of the above form and Y is finite? If so, give the set of rules; if not, explain why a set of such rules cannot exist.